We study properties of hadrons in the O(4) linear σ model, where we take into account fluctuations of mesons around their mean field values using the Gaussian functional (GF) method. In the GF method we calculate dressed σ and π masses, where we include the effect of fluctuations of mesons to find a better ground state wave function than the mean field approximation. Then we solve the Bethe-Salpeter equations and calculate physical σ and π masses. We recover the Nambu-Goldstone theorem for the physical pion mass to be zero in the chiral limit. The σ meson is a strongly correlated mesonmeson state, and has a 4 quark structure. We calculate σ and π masses as functions of temperature for the two cases of chiral limit and explicit chiral symmetry breaking. We get similar behaviors for the σ and π masses as the case of the mean field approximation, but the coupling constants are much larger than the values of the case of the mean field approximation.
Introduction
The linear σ model is used for the O(4) symmetry case to discuss chiral symmetry breaking and the appearance of Nambu-Goldstone bosons. The mean field approximation (MFA) is often used for this discussion, but the MFA may not be justified for the case of large coupling constant. An improvement of MFA is achieved by introducing fluctuations around the mean field values using the Gaussian functional (GF) method [1] . This method corresponds to the CJT method [2] and is sometimes called Hartree-Fock approximation for bosons. The ground state energy is obtained by solving the Schrödinger equation with the trial Gaussian wave functional in the GF method. The mean field equation for the field vacuum expectation value and the mass-gap equations for the dressed meson masses are determined by the minimization condition of the energy, i.e., the one-and two-point Green function SchwingerDyson (SD) equations.
The resulting dressed mass of the Nambu-Goldstone boson is, however, not zero, even when the chiral symmetry is spontaneously broken in the chiral limit. This problem was studied by several authors in the GF framework [3] [4] [5] [6] . In order to recover the NambuGoldstone theorem, we have to solve the Bethe-Salpeter (BS) equations (or four-point Green function SD equations) using proper regularization (see Eq. (40)) [7, 8] . The physical meson masses are defined as the poles of the scattering matrices, while the dressed masses in the GF mass-gap equations are merely parameters in the variational GF wave function. This fact corresponds to the recovery of the translational invariance using the Random Phase approximation (RPA) after the Hartree-Fock (HF) approximation, where the translational symmetry is broken for nuclear many-body systems. The Nambu-Jona-Lasinio (NJL) model uses the same procedure for the mass generation of fermions and the appearance of the zero mass pseudo-scalar bosons [9] . This whole procedure was later studied by Okopińska using the optimized expansion (OE) method for the effective action (potential), where the second order derivatives of the classical fields provide the physical masses of the NambuGoldstone bosons [10, 11] . She was able to derive the BS equations in the OE method and showed that the Nambu-Goldstone theorem is recovered. Nakamura and Dmitrašinović studied this problem in detail using the GF+BS methods for the SU(2) flavor case [7] . They did not, however, give numerical results for physical sigma and pion masses to compare with experimental values [12] . Lenaghan et al. studied the SU(3) case using the CJT method at finite temperature [13] . However, they did not solve the BS equations for mesons. It remains to be studies that the Nambu-Goldstone boson masses vanish in the chiral limit at zero and finite temperatures and the sigma meson mass is reasonable, when the chiral symmetry is spontaneously broken.
There is another line of thought to overcome the problem of the Nambu-Goldstone theorem, following detailed studies of the linear σ model in the CJT method by Nemoto et al. [14] and Markó et al. [15] . Knowing that the physical meson masses are to be obtained by the second order derivatives of the CJT effective action, the CJT effective action to be minimized is expressed in terms of the physical meson masses by carefully examining the renormalization procedure. This method is further developed in the form of a symmetry-improved CJT (SI-CJT) action proposed recently by Pilaftsis and Teresi [16] . In the SI-CJT method, instead of the minimization equation of the two-loop CJT action in terms of the mean field, a condition of making the Goldstone-boson mass being zero is imposed in the chiral limit.
Using the SI-CJT method, they calculated the phase transition and the variation of the Higgs and Goldstone bosons at finite temperature for the O(2) case. This SI-CJT method was then used for the O(4) case by Mao [17] . Qualitatively similar results were obtained for the Higgs and Goldstone masses at finite temperature as those of the MFA and the order of the phase transition at finite temperature turned out to be second order. The linear sigma model at large N limit was studied using the CJT model by Petropoulos [18] , where the phase transition was second order, and the order of the phase transition was generally studied by Ogure and Sato [19] . Chiku and Hatsuda studied the meson properties at finite temperature in an optimized perturbation theory using order by order renormalization scheme [20] . In this case the order of the phase transition is first order opposing the case of the SI-CJT method. Roh and Matsui studied the chiral phase transition at finite temperature in the one-loop level effective potential [21] .
In this paper we shall study hadron properties using the GF method for the O(4) linear sigma model, and then use the BS equations to demonstrate the Nambu-Goldstone theorem in the chiral limit [22] [23] [24] [25] [26] [27] [28] [29] . To this end, we consider the O(4) linear sigma model as a low energy effective theory of QCD, and introduce the cut-off momentum to regularize the GF+BS equations. We follow the recent study of the QCD Lagrangian using the ChoFadeev-Niemi (CFN) variables, where the high energy gluon mode acquires mass around 1∼2 GeV and the NJL Lagrangian with confinement is obtained by integrating over the high energy mode [30] . The O(4) linear sigma model is then obtained by bosonization of the NJL Lagrangian with confinement [31, 32] . We shall see the properties of mesons after solving the BS equations with a reasonable range of parameters in the linear sigma model Lagrangian. We discuss the recovery of the chiral symmetry at finite temperature and the behavior of sigma and pion masses for the two cases of chiral limit and explicit chiral symmetry breaking. Before studying the interesting but complicated flavor SU(3) case [8] , it is a reasonable step to study the flavor SU(2) case so that we know the amount of shifts of meson masses due to the BS equations and the interaction strengths in the sigma model Lagrangian.
This paper is organized as follows. In Sec. 2 we briefly introduce the O(4) linear σ model and use the GF method to calculate the dressed masses of the σ and π mesons, denoted as M σ and M π . These results are then used in Sec. 3 to calculate their physical masses using the Bethe-Salpeter equations, denoted m σ and m π . The single channel BS equation of the σ-π scattering T-matrix gives the physical π mass, and the coupled-channel BS equations of the σ-σ and π-π scattering T-matrix give the physical σ mass. The numerical analyses are made for the two cases of chiral limit and explicit chiral symmetry breaking, both at zero temperature in Sec. 4, and at finite temperature in Sec. 5. A summary of this work is presented in Sec. 6.
Gaussian functional method
The Lagrangian density of the O(4) linear σ model is
where φ = (φ 0 , φ 1 , φ 2 , φ 3 ) = (σ, π) is a column vector and the potential V (φ 2 ) is
which contains two parameters: the mass µ 0 and the coupling constant λ 0 .
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The chiral symmetry can be both explicitly and spontaneously broken. The explicitly broken case can be expressed by adding the following term:
This expression is suggested by the underlying Nambu-Jona-Lasinio (NJL) model, which is caused by the bare quark mass [9, 32] . In the MFA, we introduce a fluctuation field s ≡ σ − σ 0B and express the potential as,
where the vacuum expectation value σ 0B and masses of the σ and π mesons are:
From Eq. (7), we quickly find that the Nambu-Goldstone theorem is fulfilled in the chiral limit as the pion mass m πB goes to zero for ε → 0. The MFA does not take into account radiative corrections and fluctuations around the mean fields, even for the case of large coupling constant. A better and natural method is the Gaussian functional method to treat fluctuations around the mean fields [1, 7] . We use the following Gaussian ground state wave functional:
where φ i is the vacuum expectation value of the i-th field (i = 0, . . . , 3), and we define the meson propagators as
We use the gap equations for the dressed σ and π masses, denoted as M σ ≡ M i=0 and M π ≡ M i=1,2,3 , respectively. Here the "dressed" means that we still need to use the BetheSalpeter equations to calculate their physical masses, which will be done in the next section. The Hamiltonian is written as
where we have taken care of the quantization and written explicitly, consequently the momentum term has 2 . We write down the vacuum (ground-state) energy density:
where the two integrations I 0 (M i ) and I 1 (M i ) are: The field vacuum expectation value φ i and dressed π and σ masses can be obtained by the minimization condition, i.e., by varying the energy density (11) with respect to the vacuum expectation values φ i and dressed meson masses M i , respectively,
These energy minimization conditions provide us with the following equations, which express the behaviors of spontaneous symmetry breaking in the Gaussian functional method:
Note that Eq. (17) corresponds to the one-point Green function SD equation as shown in Fig. 1 , and Eqs. (18) and (19) correspond to the two-point Green function SD equation as shown in Fig. 2 . The latter two equations can be further simplified by inserting the third equation (17):
These two equations are convenient to obtain the dressed meson masses M σ and M π , when we know the sigma mean field value v ≡ φ 0 . From Eq. (21), we find that the NambuGoldstone theorem is not trivially fulfilled in the chiral limit any more as the pion mass M π does not simply (naturally) go to zero for ε → 0. However, if one solves the Bethe-Salpeter equations using proper regularization (see Eq. (40)) and calculates the physical pion mass, the Nambu-Goldstone theorem is recovered. This has been verified for both the SU (2) and SU (3) flavor cases [7, 8] .
Bethe-Salpeter equation
In the previous section we have used the Gaussian functional method to calculate the dressed σ and π masses, M σ and M π . To calculate their physical masses, m σ and m π , we still need to use Bethe-Salpeter equations. The single channel Bethe-Salpeter equation of the σ-π scattering gives the physical pion mass m π and the coupled-channel Bethe-Salpeter equations of σ-σ and π-π scatterings give the physical σ mass m σ . This method corresponds to the second order variation of the effective potential in terms of the fluctuation fields [11] . We note that by using the BS equations the Nambu-Goldstone theorem can be fulfilled in the chiral limit under proper regularization (40) [7, 8] .
The Single σ-π Channel
The single channel Bethe-Salpeter equation for the σ-π scattering gives the physical π mass.
To do this, first we write the interaction kernel in this channel:
which is shown diagrammatically in Fig. 3 . Fig. 3 The diagrammatic expression of the interaction kernel entering the Bethe-Salpeter equation.
With this interaction kernel we can get the T-matrix T σπ→σπ (s) of the total four-point scattering amplitude T (s, t, u) as
which is shown diagrammatically in Fig. 4 . The polarization term for meson masses is
where we write the invariant energy s = p 2 . The solution of Eq. (23) is simply expressed as
The energy s, where the T-matrix diverges, corresponds to the on-shell condition:
One can verify the Nambu-Goldstone theorem that the pseudoscalar meson has a zero mass in the chiral limit using this Bethe-Salpeter equation together with the mass gap equations (17)- (19) listed in Sec. 2 and the regularization condition (40). This has been done in Refs. [7, 8] .
In this paper we shall show this again numerically in Sec. 4.
The Coupled Channels of σ-σ and π-π
The coupled channel Bethe-Salpeter equations of the σ-σ and π-π scatterings give the physical σ mass. To do this, first we write the interaction kernels in these channels:
where we have used the matrix form. With this interaction kernel we get the T-matrices T(s) also in the matrix form:
where
The polarization functions G σσ→σσ and G ππ→ππ are given by
Here, a denotes σ and π. The solution to the matrix equation (28) is written in the matrix form:
As discussed in Ref. [7] , the discriminant of this equation can be simplified to be roots of
Numerical results
In order to understand the Gaussian functional method and Bethe-Salpeter equations, we first study the zero temperature case in this section, and the finite temperature case will be studied in the next section. Moreover, in this section we first study the chiral limit case (ε = 0) and then study the general case with explicit chiral symmetry breaking (ε = 0). Here we give the general form of the necessary three-dimensional integrations, including the temperature T = 1/β. We use the Matsubara formalism. The zero temperature integrals can be simply obtained by taking the limit T → 0. First we write integrals for the Gaussian 8 functional method in Eqs. (12) and (13), including the temperature T = 1/β:
where ω a = k 2 + M 2 a and the Matsubara frequencies ω n = 2πnT . Then we write integrals for the Bethe-Salpeter equations (24) and (31), also including the temperature T = 1/β:
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They satisfy the following relations:
We note that the latter equation is important to recover the Nambu-Goldstone theorem when solving Bethe-Salpeter equations [7, 8] . These loop integrals can be separated into two parts: one part contains the temperature T , that is finite, and the other does not contain it, that is infinite. Therefore, we have to regularize the temperature independent part, which needs some discussion. We consider that the linear σ model is a low energy effective theory, which is obtained by the bosonization of the NJL Lagrangian [31, 32] . The NJL model is also a low energy effective theory, which is obtained by integrating out the high energy mode χ of the Cho-Niemi-Fadeev variables in the QCD Lagrangian, shown by Kondo [30] . Hence, we naturally have a physical scale on the order of the mass of χ (1 ∼ 2 GeV), and introduce here a three-dimensional cut-off mass Λ to represent the low energy scale. For the temperature dependent part, we take integral over momentum up to infinity.
Chiral Limit (ε = 0)
First we assume that there is no explicit chiral symmetry breaking ε = 0. In Ref. [7] the authors have explicitly shown that f π ≈ v (see their Eq. (4.15)). We have checked this for our case, and found the approximation was quite good, worked up to 1%. Therefore, we fix v = 93 MeV at the beginning. Fig . 5 The relation of the dressed σ mass M σ and the dressed π mass M π , fixing the sigma mean field value v = 93 MeV. The short-dashed, solid and long-dashed curves are for Λ = 600, 800 and 1000 MeV, respectively. The calculations are done in the chiral limit.
After fixing the cut off Λ, we can use the mean field equation and two mass-gap equations, Eqs. (17), (18) and (19) , to calculate the dressed σ and π masses, M σ and M π . However, altogether there are four free parameters: M σ (the dressed σ mass), M π (the dressed π mass), λ 0 (the coupling constant) and µ 0 (the mass term in Lagrangian). Therefore, there is still one degree of freedom which is not fixed. We choose it to be λ 0 , and then µ 0 , M σ and M π all depend on it. By varying λ 0 , we can obtain M σ and M π . Their relation is shown in Fig. 5 for three values of the cut-off mass, Λ = 600, 800 and 1000 MeV. We plot these two dressed masses in a large mass range. Fig . 6 In the left figure, we show µ 0 as a function of λ 0 . In the right figure, we show dressed σ and π masses, M σ and M π , as functions of λ 0 . We fix Λ = 800 MeV. The sigma and pion masses go to zero as λ 0 → 0. The calculations are done in the chiral limit.
In order to understand the behaviors of these masses and their relations to the original Lagrangian, we plot µ 0 as a function of λ 0 in the left panel of Fig. 6 , and the dressed masses of the σ and π mesons, M σ and M π , also as functions of λ 0 in the right panel of Fig. 6 . In these figures we fix Λ = 800 MeV. M σ and M π both increase with λ 0 . We would like to point out that the dressed pion mass M π is nonzero, when the coupling constant λ 0 is finite. This means that we need to solve Bethe-Salpeter equations in order to get the zero physical pion mass in the chiral limit. (25) and (32) . The physical pion mass m π stays zero when M π is finite. The calculations are done in the chiral limit.
We then plot the physical sigma and pion masses, m σ and m π , as functions of the dressed pion mass M π in Fig. 7 by solving the Bethe-Salpeter equations (25) and (32) . The physical pion mass is zero throughout, which means that the Nambu-Goldstone theorem is recovered after solving the Bethe-Salpeter equations. The physical sigma mass m σ increases with M π . We can quickly find that the energy drop of the physical sigma and pion masses from their dressed masses are very large and of order M π .
The physical sigma mass is around 500 MeV [12] and therefore we choose the parameters in the linear σ model Lagrangian as: We find that in order to obtain the physical sigma mass m σ around its experimental value 500 MeV [12] , we need to take a large coupling constant λ 0 = 83.6. It is interesting to point out that the pion and the sigma mesons both gain large energies of about 600∼700 MeV from their dressed masses due to the residual interaction treated by the Bethe-Salpeter equations. Hence, the sigma meson should be considered a composite meson system as a strongly correlated meson-meson state, that indicates it as a four quark state [33] . Here, it is interesting to point out that the BS equations do not develop imaginary terms, since the physical masses are smaller than the dressed masses. This is completely different from the mean field case, where the BS equation for the sigma meson provides imaginary term, which corresponds the decay of the sigma meson into two pions. It is our future work to calculate the transition strength of a composite sigma meson into two composite pions. Based on these values, we shall study the finite temperature effects in the case of chiral limit in Sec. 5, and we have added the temperature dependence "T = 0" in Eqs. (42) for the parameters depending on the temperature. By doing this we have assumed that all the parameters listed in Eqs. (41) are fixed; while all the parameters listed in Eqs. (42) change with the temperature T . Particularly, the sigma mean field value (condensate) v changes with the temperature T .
Explicit chiral symmetry breaking (ε = 0)
The explicit chiral symmetry breaking is due to the term L χSB = εσ, and so we have an extra free parameter ε. As suggested in Ref. [7] , we use the following expression
where the parameter m π0 is fine-tuned to be m π0 = 142 MeV, so that the physical pion mass is calculated to be around its physical value 138 MeV [12] by solving the Bethe-Salpeter equation. Fig. 8 The relation of the dressed σ mass M σ and the dressed π mass M π for the case of explicit chiral symmetry breaking. The short-dashed, solid and long-dashed curves are for Λ = 600, 800 and 1000 MeV, respectively.
To do the numerical analysis, we follow the same procedures as the case of chiral limit. Again we fix v(≈ f π ) = 93 MeV. The relation of M σ and M π is shown in Fig. 8 for three cutoff masses Λ = 600, 800 and 1000 MeV, which can be compared with the results of Ref. [7] as well as Fig. 5 . The two cases provide essentially the same results except for the existence of some threshold effects. We show µ 0 and the dressed masses of σ and π as functions of λ 0 in Fig. 9 for Λ = 800 MeV. These results are similar to those obtained in the chiral limit, except that the dressed pion mass has a threshold value due to explicit chiral symmetry breaking.
Using the Bethe-Salpeter equations (25) and (32), we can obtain the physical pion and sigma masses, as shown in Fig. 10 (25) and (32) . The calculations are done with an explicit chiral symmetry breaking parameter ε = 0. pion mass m π is finite and close to its physical value 138 MeV. The physical sigma mass m σ increases with M π .
We choose the following parameters in the linear σ model Lagrangian:
µ 0 = 1610 MeV , Λ = 800 MeV .
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These values provide
m σ (T = 0) = 500 MeV , m π (T = 0) = 138 MeV .
Again these values are used in Sec. 5 to study the finite temperature effects in the case of explicit chiral symmetry breaking, and so we have added the temperature dependence "T = 0". We would like to note our assumption again: all the parameters listed in Eqs. (44) are fixed; while all the parameters listed in Eqs. (45) change with the temperature T . Particularly, the sigma mean field value (condensate) v changes with the temperature T , while the explicit chiral symmetry breaking parameter ε does not.
Finite Temperature Analyses
In this section we study the behavior of hadron properties at finite temperature. We shall use the parameters fixed in the previous section, which are obtained at zero temperature, and study both the chiral limit case (ε = 0) and the general case with an explicit chiral symmetry breaking parameter ε = 0. By doing this we shall see how the chiral symmetry is recovered with temperature. We assume µ 0 and λ 0 do not change with the temperature T , and they are fixed at the values listed in Eqs. (41). There are four free parameters left: M σ (the dressed σ mass), M π (the dressed π mass), v (the sigma mean field value) and T (the temperature). Therefore, there is still one degree of freedom which is not fixed. Naturally, we choose it to be the temperature T , and calculate v(T ), M σ (T ) and M π (T ), which are determined by the minimum condition of the free energy Eq. (11), denoting F. This conditions lead to the three mean field equations, Eqs. (17), (18) and (19) at finite temperature.
Chiral limit (ε = 0)
We discuss first the case of chiral limit (ε = 0). At zero temperature, the minimum of the free energy appears at v = 93 MeV. As the temperature increases, this minimum decreases very slowly. It suddenly changes from a finite value to zero around the critical temperature T C = 194 MeV. At this temperature, the free energies at v = 0 and v ∼ 80 MeV agree each other and the corresponding free energy is F ∼ −5 × 10 8 MeV 4 . The minimum at finite v continues to exist further at higher temperature for a while.
The sigma mean field value v is shown in Fig. 11 as a function of temperature T . It starts at v = 93 MeV, and stays around this value for a while and suddenly drops to zero around the critical temperature T C = 194 MeV. The dressed sigma and pion masses, M σ (T ) and M π (T ), are shown in Fig. 12 also as functions of T . M σ stays at a large value around 1200 MeV, and starts to drop around T C = 194 MeV, while it increases above this temperature. The dressed pion mass M π is almost a finite constant value around 600 MeV until T C = 194 MeV, and also increases above this temperature. We note that above the critical temperature and M π coincide in the case of chiral limit. We want to mention that we find another local but shallower minimum above T ∼ 190 MeV. Since in this paper we are not interested in the structure around the phase transition point, we do not show another local minimum in the above figures.
Then we solve the Bethe-Salpeter equations (25) and (32) to calculate the physical sigma and pion masses. The resulting masses are plotted in Fig. 13 as functions of T . We see that the physical pion mass stays at zero until T C =194 MeV, which means that the NambuGoldstone theorem is recovered as long as the chiral symmetry is spontaneously broken (v = finite). When the chiral symmetry is recovered above T C , the physical pion mass is not zero any more. It coincides with the physical sigma mass, and they both increase with the temperature T . In order to understand the behavior of the physical mass, we multiply m 2 π − M 2 π to the pole condition equation 1 − V σπ→σπ (s)G σπ→σπ (s) = 0. We then find the following equation.
This equation indicates that in the range m π < M π , m π goes to M π as v → 0. This means that the BS equation does not provide a bound state of pion-sigma composite above the critical temperature. Hence, the pion mass becomes the thermal mass, which increases with the temperature. We make a comment on the cut-off mass dependence of the calculated results. We have been using the cut-off mass of Λ = 800MeV. In order to see the cut-off mass dependence, we calculated the case of Λ = 1000MeV. Definitely, all the numbers changed from the original case. We used a constraint on the parameters that the sigma physical mass was m σ = 500MeV. We found that the behavior of phase transition was almost identical to the original case where the sigma mass m σ and the sigma mean field value v dropped with temperature and the critical temperature was essentially unchanged from the original case.
Explicit chiral symmetry breaking (ε = 0)
We repeat the same calculation for the case of explicit chiral symmetry breaking. We use the mean field equation and mass-gap equations, Eqs. (17), (18) and (19) to calculate the sigma mean field value v and the dressed sigma and pion masses, M σ and M π . The sigma mean field value v is shown in Fig. 14 as a function of the temperature T . It gradually decreases as the temperature increases until the critical temperature T C = 198 MeV, and suddenly drops to a small finite value. After this critical temperature, it gradually decreases towards zero due to explicit chiral symmetry breaking. The dressed sigma and pion masses are shown in Fig. 15 as functions of T . Their behaviors are similar to those in the chiral limit. We solve then the Bethe-Salpeter equations (25) and (32) to calculate the physical sigma and pion masses, m σ and m π . The results are shown in Fig. 16 . In this case, the pion mass stays around m π = 138 MeV below T C = 198 MeV and then increases suddenly to a large value. Again the physical sigma and pion masses have almost the same values above T C , where the chiral symmetry is recovered. The reason of this behavior is similar to the case of the chiral limit. The meson masses above the critical temperature correspond to the thermal masses.
Summary and Conclusion
We have studied the hadron properties using the O(4) linear σ model, where we have used the Gaussian functional (GF) method to improve the mean field approximation by including fluctuations around the mean field values. The GF method provides a finite pion mass for the case of spontaneous chiral symmetry breaking in the chiral limit, and does not respect the Nambu-Goldstone theorem at this stage. To this end, we have solved the Bethe-Salpeter (BS) equations for the physical sigma and pion masses. We have found that the physical pion mass drops to zero by solving the BS equation after the GF method, indicating that the sigma model respects the Nambu-Goldstone theorem at this stage (under proper regularization Eq. (40) [7, 8] ).
We chose the parameters of the sigma model so as to get m σ = 500 MeV. In the case of chiral limit, the physical pion mass is always zero due to the Nambu-Goldstone theorem; while in the case of explicit chiral symmetry breaking, it is not zero any more. Accordingly in the latter case there is an extra parameter to represent explicit chiral symmetry breaking, ε = 0. It is fine-tuned so that the physical pion mass becomes m π = 138 MeV. These parameters are shown in Eqs. (41), (42), (44) and (45). We found that the change from the dressed sigma and pion masses to their physical masses is very large and of order of 600∼700 MeV. Therefore, in order to obtain a reasonable physical sigma mass around 500 MeV, we ought to take a large dressed sigma mass around 1200 MeV, and consequently a large coupling constant around λ 0 ≈ 80. This large coupling of mesons causes large changes of sigma and pion masses from their dressed values to physical values. The sigma meson is considered as a strongly correlated meson-meson state, that indicates it as a four quark state [33] .
Based on these parameters, i.e. Eqs. (41), (42), (44) and (45), which are fixed at zero temperature, we have calculated the sigma mean field value and the sigma and pion masses as functions of temperature by using the GF + BS method, for the two cases of chiral limit and explicit chiral symmetry breaking. For the latter case the pion mass stays at around m π = 138 MeV until the critical temperature T C = 198 MeV. At this temperature, the order parameter, i.e. the sigma mean field value (condensate) v, changes rapidly from v ≈ 93 MeV to a small value, and then gradually decreases to zero with temperature. Reflecting this behavior, both the dressed and the physical pion masses jump up rapidly at T C = 198 MeV, to large values, corresponding to the sigma masses. This behavior is caused by the large coupling constant λ 0 for the meson interactions, when we consider fluctuations around the mean field values using the GF method, and the physical pion and sigma mesons gain large binding energies of dressed pion and sigma meson obtained by solving the BS equations in the case of chiral symmetry breaking below the critical temperature. On the other hand, above the critical temperature the BS equations do not provide bound states in both channels and the sigma and pion masses become those of the thermal masses.
In general discussion, the linear σ model with O(4) symmetry provided second-order phase transition, where one assumption was made for the Goldstone meson to have zero mass in the spontaneously broken phase [19] . On the other hand, the present GF+BS formalism provided a first-order phase transition, where we have considered the linear σ model as a low energy effective theory of QCD, and introduced the cut-off mass at some physical scale. There is further a discussion on the setting-sun diagram, which may become important around the phase transition temperature [16] . It is our future work to make clear this point. It is also very interesting to study the properties of mesons for the SU(3) flavor case using the GF+BS method.
